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Up to the p r e s e n t  t ime ,  one of  the main  r e a s o n s  for  the mixing of the liquid co re  of  a hardening mel t  has  
been cons idered  to be t h e r m a l  g rav i ta t iona l  convection. At the s a m e  t ime,  it is to be expected  that the con- 
cent ra t ional  inhomogenei ty  a r i s i n g  during the p r o c e s s  of solidif ication,  being nonidentical  in i ts  composi t ion,  
will  a l so  have  a cons iderab le  ef fec t  on the p r o c e s s  of the mixing of the liquid core  of a hardening melt .  

Fo r  the cons t ruc t ion  of a m a t h e m a t i c a l  model  of  concentra t ion convection, a r ec t angu la r  region with 
t r a n s v e r s e  c r o s s - s e c t i o n a l  d imens ions  L 1 • L2, semi inf in i te  along a hor izonta l  coordinate  and no rma l  to the 
plane of the c r o s s  sec t ion .was  cons idered .  Along the hor izonta l  d imension L1, the coordinate  V l(~l) is  plotted 
and a long the v e r t i c a l  d imens ion  L 2 the coordinate  ~2(~2). 

The region is fi l led with a m e l t  having an init ial  impur i ty  content C 0. The init ial  t e m p e r a t u r e  of the me l t  
T o is  e s sen t i a l ly  c lose  to the c rys ta l l i za t ion  t e m p e r a t u r e  Te. The init ial  s ta te  is  a s ta te  of r es t ,  with a uni form 
dis t r ibut ion of  the i m pur i t y  and the t e m p e r a t u r e  ove r  a c r o s s  sec t ion  of the region.  

As  the boundary  of the sol idif icat ion we take a f lat  su r face ,  d i rec t ly  s epa ra t ing  the solid and liquid 
phases .  The law of the fo rward  mot ion of the boundary of the phase  t r ans i t i on  is  taken f r o m  the c lass ica l  so lu-  
t ion of the Stefan p rob l em ,  in the f o r m  of the law of the " squa re  root"  

where  l i = L1/x 0 is the re la t ive  width of the plane;  12 = L2/x0 is the re la t ive  height of the cavity of the c r y s t a l -  
l izer ;  x0is the c h a r a c t e r i s t i c  d imension  of the region;  F0=DT/x02 is the d imens ion less  t ime;  D is the diffusion 
coefficient  of the impur i ty  in the liquid phase;  ~ is  the sol idif icat ion coefficient.  

Such an approach  to the de te rmina t ion  of the posi t ion with t ime of the boundar ies  of  the phase  t rans i t ion  
is  just i f ied.  A conjugate solution [1], during the course  of which the motion of the boundary of the phase  t r a n -  
s i t ionwas  de te rmined ,  showed tha t  t he r e  i s  no subs tant ia l  deviat ion f rom the law of the " squa re  root" ;  the 
solution of the p r o b l e m  i t se l f  and the p r o g r a m  a r e  compl ica ted  cons iderably  and the calculat ing t ime  i n c r e a s e s .  

At a m o m e n t  of  t ime  dif fer ing f rom ze ro  (t> 0), the t e m p e r a t u r e  of the region boundar ies  drops  jumpwise 
to the c rys t a l l i za t ion  t e m p e r a t u r e  of the mel t .  The t e m p e r a t u r e  inhomogenei ty  a r i s ing  under these  c i r c u m s t a n c e s  
as a r e su l t  of the c loseness  o fT  0 and T c is a s s u m e d t o  be insufficient  fo r  the or igin and development  of a t h e r m a l  con-  
vec t ive  motion in the  mel t .  This  follows f rom an evaluation of the re la t ive  role  of t h e r m a l  and concentra t ion  convec-  

�9 tion: A compar i son  of the d imens ion less  Gr  and Ar0number s  show that, with sma l l  deg rees  of superheat ing,  
G r / A r  0 ~ 10 -3 <<1, where  Gr  = gfl (T o -- Tc)X~0/,2 is  the G r a s h o f  number ;  Ar  0 = 7 gC0x03/"2 is the modif ied A r c h i -  
medes  number ;  v = 1.27" 10 -6 m 2 / s e c  is the coeff icient  of  k inemat ic  v i scos i ty ;  fl =0 .17-  10 -3 deg -1 is the co-  
eff ic ient  of  v o l u m e t r i c  expansion;  g is the acce l e r a t i on  due to gravi ty ;  T is a coefficient  cha rac te r i z ing  the 
r e l a t ive  change in the densi ty  as  a function of the concentra t ion,  

a~ ~ 0.25, Co~--- 0.03%. 

The  d i f fe rence  in the solubi l i ty  of  the impur i ty  in the sol id and liquid phases  br ings  about t h r e e - d i m e n -  
sional  inhomogenei ty  of  the concentra t ion  field. Under these  conditions with de te rmined  concentrat ion g r a d i -  
ents in the liquid core  exis t ing in a g rav i t a t iona l  field, a convective mot ion a r i s e s ,  whose d i rec t ion  is  d e t e r -  
m i n e d  by the r a t io  of  the dens i ty  of  the impur i ty  and the densi ty of the mothe r  mel t .  

De te rmin ing  the c h a r a c t e r i s t i c  ve loc i ty  and the c h a r a c t e r i s t i c  p r e s s u r e  d i f ference ,  r e spec t ive ly ,  by the 
e x p r e s s i o n s  u 0 = v /x  0, Pmax - Pmin =PoU~, where  Pmax  - Pmin is  the c h a r a c t e r i s t i c  p r e s s u r e  d i f fe rence  and 
P 0 is the densi ty  of the mel t ,  we wr i te  the equation of motion 
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0V 0__~o+(VV) = - - V n + S m h V + l g S m 2 A r o S S ,  (1) 

where  6 S= S b - S for  e v e r y  m o m e n t  of  t i m e  is defined as  the d i f ference  between the concentrat ions a t  points 
of the boundar ies  of the phase  t rans i t ion  and points located a t  the cor responding  l ines of the grid,  s ta r t ing  
f r o m  which the concentrat ion g rad ien t  can be neglected (as such points there  we re  taken points at which the 
concentra t ion is l e s s  than tha t  at  the p reced ing  points by 0.01): zr = P / ( P m a x - P m i n )  is the d imensionless  
p r e s s u r e ;  S m = v / D  is  the Schlnidt number ;  IgiS auni t  vec to r ,  coinciding with the d i rec t ion  of g. 

The equation of diffusion 

OS/OFo + (Vv)S = AS 

( S = C / C  0 is the d imens ion les s  concentrat ion),  the equation of continuity 

VV = 0. 

The given s y s t e m  is  completed by the following init ial  and boundary conditions: 

V IFo=O = 0, S [eo=O = 0, Vx [re=e, = Vx In,=R, = Vx ]n,=~ = Vx In,-R~ = 0,  

where  Vt=ul/u.0, V z = u z / u  o a r e  the d imens ion less  components  of the ve loc i ty  along the axes  ~l mid ~z, r e s p e c -  
t ively.  

The boundary conditions for  the concentrat ion a r e  wr i t t en  at  each boundary of the region; here  the 
d i f ference  in the impur i t y  solubil i ty in the solid and liquid phases  is  taken into account  by the equi l ibr ium co-  
eff icient  of the impur i t y  red is t r ibu t ion  k; the impur i ty  diffusion in the solid phase  is neglected in compar i son  
with the liquid phase:  

as  1 = g ( t  - k) s 1,~=~,, as  ~,=R, = Ri  (1 - k) s ]~,=R,, 
~ 1  ~h=e~ Orh 

0S 

where  71 =• ~z =x2/x0 a r e  d imens ion less  coordinates;  R~, e~, R~, e~, a r e  the ve loc i t ies  of the motion of 
the l a t e ra l ,  upper ,  and lower  boundar ies .  

The p rob l em was solved by the method of finite d i f fe rences  [2], using the in tegrointerpola t ional  method 
and the method of f rac t ional  spacings [3]. 

Fo r  the subsequent  t r ans fo rma t ion  the following were  introduced: the s t r e a m  function r the curl  of the 
veloci ty  r and the new va r i ab l e s  ~1 and [2, mapping a r ec t angu la r  region with movable  boundaries  on the 
region of a unit  square ,  so that,  during the t ime of the sol idif icat ion p r o c e s s ,  0 <-[1--- 1, 0 ---~2- < 1, where  

~ = ( ~  - R ~ ) / ( ~  - R , ) ;  ~ .  = ('q~ - -  ~ ) / ( ~ . ,  - -  f ~ ) .  

The un i form coordinate  and t ime  gr ids  wore  chosen in the fo rm 

o~h = {~t = ih, r,. = mh ,  h = 1/I  = t i M  > O; i = O, 1~ 2 . . . .  , I ;  
m = 0 , 1 ,  2 . . . .  ~ M } ,  

F0,~= F 0 =  T~, T ~ = A . T ,  0 < A < t .  

The coordinate  gr id  used in the calculat ion had a dimension o~ h =39. • 39.. The a lgor i thm for  calculation 
of the s y s t e m  of the equations of  mot ion and m a s s  t r a n s f e r  cor responded  to [4]. The n u m e r i c a l  solution of the 
s y s t e m  was c a r r i e d  out on a Dnepr-21  digital  computer .  

The speci f ic  weight of the impur i ty  was a s s u m e d  to be g r e a t e r  than the spec i f ic  weight of  the mo th e r  
mel t ;  t he re fo re ,  the t e r m  Sm2Ar06S in Eq. (1) was taken as  posi t ive.  

An invest igat ion of concentra t ional  gravi ta t ional  convection was made for the Arch imedes  numbers  Ar  0 = 
0.9, " 10 n (n = 7, 8, 9). In view of the fact that  the cha rac t e r  of the convective motion is,  in genera l ,  conserved 
for all  the above A r c h i m e d e s  numbers ,  a detai led ana lys i s  of convect ive motion was made for the number  
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Ar  0 = 0.2" 108, while, for  the num ber s  Ar  0 = 0.2- 10 n (n = 7, 9), only a few s ingular i t ies  w e r e  invest igated.  The 
p r o b l e m  was  solved with the following p a r a m e t e r s :  

xo  = 600ram, ~)h = 32• a = 10, k = 0.5. 

The g e o m e t r y  for  which the calculat ion was made  was such t h a t / 2 / / 1 = 3 .  The  re la t ive  e r r o r  of the calculat ion 
was de te rmined  during the course  of a n u m e r i c a l  expe r imen t  and, for  a coordinate  gr id  with a d imension of 

32 x 32, did not exceed 5%. 

An ana lys i s  of the r e su l t s  of the calculat ion shows that,  a t  a moment  of t ime  dif fer ing f rom zero,  the 
e x c e s s  impur i ty  is  d isplaced out of the solid phase  to the phase  in te r face .  This  br ings  about  the development  
of  a ce r t a in  concentra t ion inhomogenei ty  a t  the boundary of the phase  t rans i t ion ,  cha rac t e r i zed  by a max ima l  
concent ra t ion  g rad ien t  (Fig. l a ,  b, F0 =0.8"  10 -~, 0.54" 10 -3, r e spec t ive ly ) .  

The m e l t  a long the boundary of the phase  t rans i t ion ,  enr iched in the impur i ty ,  s inks down to the bot tom 
p a r t  o f  the liquid core ,  by the s a m e  token se t t ing  into motion,  toward the upper  boundary of the cavity of the 
c ry s t a l l i z e r ,  the m e l t  which is enr iched  in the i m p u r i t y  to a l e s s e r  degree ,  due to i t s  g r e a t e r  dis tance f rom 
the boundary of the p h a s e t r a n s i t i o n .  As a r e su l t  of  this ,  in the liquid core  of the solidifying mel t ,  as  in the 
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case  of t h e r m a l  grav i ta t iona l  convection [5], the re  a r i s e  two vo r t i ce s  of the veloci ty ,  s y m m e t r i c a l  with 
r e spec t  to the v e r t i c a l  axis  of s y m m e t r y  of the c r y s t a l l i z e r  cavity and a s y m m e t r i c a l  with r e spec t  to the 
hor izonta l  plane pas s ing  through the middle  of the ax i s  O~ 2 (Fig. lc ,  d, F 0 =0.8" 10 -5, 0.54" 10 -3, respec t ive ly) .  
The r e su l t s  of the calculat ion show that ,  in the init ial  per iod,  the zone of  ~descending w flows is  n a r r o w e r  
than the zone of nascendingn flows. With development  of the motion,  the zone of ~deseending ~ flows expands 
and the zone of nascendingn flows cont rac ts .  Under these  c i r c u m s t a n c e s ,  n e a r  the l imi t  of  the phase  t r a n s i -  
t ion, the component  of the ve loc i ty  V 2 a t ta ins  a max ima l  value.  

The c h a r a c t e r  of the t ime  dis t r ibut ion of the max imaI  value of the component  of the ve loc i ty  of the con- 
vec t ive  mot ion  V 2 m a k e s  it poss ib le  to divide the whole p r o c e s s  of convective motion into two per iods :  a 
per iod  of  the acce l e r a t i on  of the liquid core  of  the hardening me l t  to a m a x i m a l  value of the v e l o c i t y  and a 
per iod  of slow d e c r e a s e  in the veloci ty;  the f i r s t  per iod  is cons iderably  s h o r t e r  than the second (Fig. 2, curve 
2, Ar  0 =0.2"  108). Such a dis t r ibut ion of the veIoc i ty  is  obviously a consequence of the fact  that,  in an interval  
of  t ime  cor responding  to the f i r s t  per iod,  t he r e  is  a r e s t r uc tu r i ng  of the concentrat ion field, as  a r e m i t  o f  
which in the liquid core  of the hardening me l t  g r e a t e r  concentra t ion gradien ts  a r i s e ,  bringing about a r i s e  
in the ra te  of i nc rea se  of the convect ive motion.  

The p r o c e s s  of a slow d e c r e a s e  in the ve loc i ty  of the convective mot ion aga ins t  the background of an 
ove ra l l  i n c r e a s e  in the concentra t ion  of the impur i ty  in the liquid co re  of  the hardening me l t  i s  obviously 
explained by the fact  that,  with a compara t i ve ly  slow increase  in the Ievel  of the impur i t y  in the liquid core ,  
the level  of  i ts  concentra t ion inhomogenei ty d e c r e a s e s  at  approx ima te ly  the s ame  ra te .  

The  total  durat ion of the convect ive mot ion is due to the p r e sence  of concentrat ion inhomogenei ty ,  which 
ex i s t s  up to the end of the hardening  p r o c e s s .  This  explains the r a the r  high r a t e  of  convective mot ion p r a c t i -  
cal ly  up to complete  sol idi f icat ion of the ingot; h e r e  the d i f ference  between the m a x i m a l  and min ima l  values  
of the ve loc i ty  is  app rox i m a t e l y  10%. An i nc r ea se  in the Ar  0 number  has  a cons iderable  effect  on inc reas ing  
the level  of the ra te  of deve lopment  of convect ive motion.  Thus,  even with a value of the Arch imedes  number  
A t0=0 .2"  109 (see Fig.  2, curve  3), a concentra t ion gradient  a r i s e s  in the mel t ,  sufficient  in value to br ing the 
whole m a s s  of  the liquid core  of  the hardening mel t  into mot ion at a momen t  of  t ime  (F 0 = 0.81:  10 -s) p rac t i ca l ly  
coinciding with the s t a r t  of  the p r o c e s s .  With an i n c r e a s e  in the Ar  0 number ,  t he re  is  a r i s e  in the value of 
the t e r m  of the equation of convect ive mot ion  (1) Sm2Ar5 S, an inc rease  in which, even a t  the s t a r t  of the 
development  of the p r o c e s s ,  de t e rmines  a level  of  the concentrat ion inhomogenei ty  suff icient  to br ing the 
whole m a s s  of  the me l t  into motion.  This  a l so  p r o m o t e s  a higher ra te  of development  of the p r o c e s s  of con- 
vec t ive  motion a s  a whole. 

The shor tening of the pe r iod  of a cce l e r a t i on  of the me l t  to a max imal  value,  noted in Fig. 2 (curve 3), is 
obviously explained by the above reason .  

With a d e c r e a s e  in the Ar  0 num ber  (Ar 0 = 0.2" 107), the max ima l  value of the r a t e  of motion of concen t ra -  
t ionaI convection d e c r e a s e s  apprec iab ly  (see Fig. 2, curve 1). Under these  c i r cums tances ,  the per iod  of 
a cce l e r a t i on  of the me l t  to a m a x i m a l  value of the ve loc i ty  i n c r e a s e s .  

This  is explained by the fact  that,  with a d e c r e a s e  in the Ar  0 number ,  there  is a d e c r e a s e  in the value 
of  the t e r m  Sm2ar06S of Eq. (1). This  leads  to a cons iderable  lowering of the level  of  the concentrat ion in- 
homogenei ty ,  which is the r e a s on  for  the s lower  development  of al l  the a b o v e - d e s c r i b e d  p r o c e s s e s .  
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